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Îïðåäåëåíèå

Îðèåíòèðîâàííûé ãðàô áåç îðèåíòèðîâàííûõ öèêëîâ
íàçûâàåòñÿ àöèêëè÷åñêèì.

Îïðåäåëåíèå

Àâòîìîðôèçì ãðàôà � ýòî îòîáðàæåíèå ìíîæåñòâà âåðøèí
ãðàôà â ñåáÿ, ñîõðàíÿþùåå ð¼áðà. Íàçîâ¼ì îðèåíòèðîâàííûé
ãðàô òðèâèàëüíûì, åñëè íå ñóùåñòâóåò íåòîæäåñòâåííûõ
àâòîìîðôèçìîâ.

Â äàííîé ðàáîòå îïèñûâàåòñÿ ìåòîä ïîäñ÷¼òà ÷èñëà
íåèçîìîðôíûõ òðèâèàëüíûõ àöèêëè÷åñêèõ ãðàôîâ áåç êðàòíûõ
ð¼áåð ñ çàäàííûì ÷èñëîì âåðøèí n.
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Áèíàðíîå îòíîøåíèå íà ìíîæåñòâå X � ëþáîå ïîäìíîæåñòâî
ìíîæåñòâà X 2 = X × X .
Â äàëüíåéøåì ñ÷èòàåì, ÷òî X êîíå÷íî. X = {x1, . . . , xn} äëÿ
íåêîòîðîãî íàòóðàëüíîãî ÷èñëà n.

Êàæäîìó îðèåíòèðîâàííîìó ãðàôó G ñ êîíå÷íûì ÷èñëîì
âåðøèí n ìîæíî ñîïîñòàâèòü áèíàðíîå îòíîøåíèå R íà
êîíå÷íîì ìíîæåñòâå èç n ýëåìåíòîâ.

Êàæäîìó ïðîñòîìó ãðàôó, òî åñòü ãðàôó áåç êðàòíûõ ðåá¼ð è
ïåòåëü, ñîïîñòàâèì ìàòðèöó ñìåæíîñòè ñëåäóþùèì
îáðàçîì: èç i â j åñòü ðåáðî òîãäà è òîëüêî òîãäà, êîãäà ïàðà
(i , j) ∈ R ; ìàòðèöà (aij) ñîñòîèò èç n ñòðîê è n ñòîëáöîâ, à
ýëåìåíò ìàòðèöû aij = 1 òîãäà è òîëüêî òîãäà, êîãäà (i , j) ∈ R ,
èíà÷å aij = 0.
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Îïðåäåëåíèå

Äâà îòíîøåíèÿ R1 ⊆ X × X è R2 ⊆ Y × Y íàçûâàþòñÿ
èçîìîðôíûìè, åñëè ñóùåñòâóåò áèåêòèâíîå îòîáðàæåíèå
f : X 7→ Y òàêîå, ÷òî (x , y) ∈ R1 ⇔ (f (x), f (y)) ∈ R2.

Îïðåäåëåíèå

Åñëè R1 = R2 = R , òî f íàçûâàåòñÿ àâòîìîðôèçìîì.
Åñëè R ⊆ X × X è îòîáðàæåíèå f : X 7→ X òàêîâî, ÷òî
(x , y) ∈ R ⇒ (f (x), f (y)) ∈ R , òî f � ýíäîìîðôèçì.

Aut(R) � ãðóïïà àâòîìîðôèçìîâ îòíîøåíèÿ R . Åñëè
|Aut(R)| = 1, òî òàêàÿ ãðóïïà íàçûâàåòñÿ òðèâèàëüíîé.
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Îïðåäåëåíèå

Åñëè áèíàðíîå îòíîøåíèå àíòèðåôëåêñèâíî, òðàíçèòèâíî è
àíòèñèììåòðè÷íî, òî îíî íàçûâàåòñÿ ñòðîãèì ïîðÿäêîì.

Åñëè îòíîøåíèå R ÿâëÿåòñÿ ñòðîãèì ïîðÿäêîì, òî
ñîîòâåòñòâóþùèé ãðàô íå èìååò ïåòåëü, ëþáûå äâå ðàçëè÷íûå
âåðøèíû i , j ñîåäèíåíû íå áîëåå ÷åì îäíèì ðåáðîì; åñëè åñòü
ð¼áðà èç i â j è èç j â k , òî åñòü ðåáðî èç i â k , à äëÿ ýëåìåíòîâ
ìàòðèöû A = (aij) âûïîëíÿåòñÿ: 1) íà ãëàâíîé äèàãîíàëè íóëè,
2) aij + aji ⩽ 1, 3) aij = 1 & ajk = 1 ⇒ aik = 1.
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Ìîæíî ïåðå÷èñëÿòü âñå îòíîøåíèÿ çàäàííîãî âèäà, à ìîæíî ñ
òî÷íîñòüþ äî èçîìîðôèçìà, òî åñòü ó÷èòûâàÿ òîëüêî îäíîãî
ïðåäñòàâèòåëÿ èç çàäàííîãî êëàññà èçîìîðôèçìà.

Ïåðå÷èñëåíèå âñåõ îòíîøåíèé çàäàííîãî âèäà èëè ñ òî÷íîñòüþ
äî èçîìîðôèçìà õîðîøî èçâåñòíàÿ çàäà÷à (ñì. [1]). Íàïðèìåð,
ýòîìó ïîñâÿùåíî ìíîãî ðàçëè÷íûõ òàáëèö Ñëîýíà (ñì. [2]).

Íàïðèìåð, A001035 - ÷èñëî ïîìå÷åííûõ ñòðîãèõ ïîðÿäêîâ,
A000112 - ÷èñëî íåèçîìîðôíûõ ñòðîãèõ ïîðÿäêîâ.
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Ïåðåáîð íåèçîìîðôíûõ àöèêëè÷åñêèõ ãðàôîâ

Ïóñòü Γ � àöèêëè÷íûé ãðàô, òîãäà, âîñïîëüçîâàâøèñü
òîïîëîãè÷åñêîé ñîðòèðîâêîé, ìîæíî ïåðåóïîðÿäî÷èòü âåðøèíû
ãðàôà òàê, ÷òîáû áóëåâà ìàòðèöà ýòîãî ãðàôà (a)ij
(i , j ∈ {1, . . . , n}) ñòàëà âåðõíåòðåóãîëüíîé. Ïðè ýòîì íà
äèàãîíàëè ýòîé ìàòðèöû ñòîÿò íóëè. Êàæäîìó òàêîìó ãðàôó Γ
ñîïîñòàâëÿåòñÿ äâîè÷íîå ÷èñëî
an−1,nan−2,nan−2,n−1an−3,nan−3,n−1an−3,n−2 . . . a1,na1,n−1 . . . a1,2.
Ýòî êîä äàííîé ìàòðèöû. Ïåðåáèðàÿ âñå âîçìîæíûå
îòíîøåíèÿ, èçîìîðôíûå çàäàííîìó R , ñ âåðõíåòðåóãîëüíûìè
ìàòðèöàìè, íàõîäèòñÿ ìàêñèìàëüíûé ïî çíà÷åíèþ êîä. Òàêîé
êîä íàçûâàåòñÿ ìàêñèêîäîì, à ñîîòâåòñòâóþùèå ìàòðèöû
ìàêñèêîäíûìè.
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Ïðèìåð ìàêñèêîäíîé ìàòðèöû

0 1 0 1 1 1 0 0
0 0 1 0 1 0 1 0
0 0 0 1 0 1 1 0
0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0


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Ëåììà
Ïóñòü äëÿ íåêîòîðîãî íàòóðàëüíîãî n äâîè÷íûé êîä
an−1,nan−2,nan−2,n−1an−3,nan−3,n−1an−3,n−2 . . . a1,na1,n−1 . . . a1,2
ÿâëÿåòñÿ ìàêñèêîäîì äëÿ íåêîòîðîãî ñòðîãîãî ïîðÿäêà íà
ìíîæåñòâå èç n ýëåìåíòîâ. Òîãäà
an−1,nan−2,nan−2,n−1an−3,nan−3,n−1an−3,n−2 . . . a2,na2,n−1 . . . a2,3
(âû÷¼ðêèâàåì ìëàäøèå ðàçðÿäû â êîëè÷åñòâå n − 1) áóäåò
ìàêñèêîäîì äëÿ íåêîòîðîãî ñòðîãîãî ïîðÿäêà íà ìíîæåñòâå èç
n − 1 ýëåìåíòîâ. Îáðàòíî: åñëè ê ìàêñèêîäó íåêîòîðîãî
ñòðîãîãî ïîðÿäêà íà ìíîæåñòâå èç n ýëåìåíòîâ ïðèïèñàòü
ñïðàâà n íóëåé, òî ïîëó÷èòñÿ ìàêñèêîä äëÿ íåêîòîðîãî ñòðîãîãî
ïîðÿäêà íà ìíîæåñòâå èç n + 1 ýëåìåíòîâ.

Çíàÿ âñå ìàêñèêîäû äëÿ ÷èñëà âåðøèí n ìîæíî ïîñòðîèòü âñå
ìàêñèêîäû äëÿ ÷èñëà âåðøèí n + 1.
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Îáùèé ñïîñîá ïåðå÷èñëåíèÿ íåèçîìîðôíûõ

àöèêëè÷åñêèõ ãðàôîâ

Äëÿ ïåðå÷èñëåíèÿ âñåõ íåèçîìîðôíûõ àöèêëè÷åñêèõ ãðàôîâ
ìîæíî ïîñòóïèòü êàê â àëãîðèòìå èç [3]. Äëÿ ýòîãî íà êàæäîì
øàãå äëÿ çàäàííîãî n ñîçäà¼òñÿ ôàéë ñî ñïèñêîì ìàêñèêîäîâ è
ðàçìåðîì ãðóïïû àâòîìîðôèçìîâ íà îñíîâå ôàéëà äëÿ n − 1.

Êàæäîìó àâòîìîðôèçìó ñîîòâåòñòâóåò íåêîòîðàÿ
òîïîëîãè÷åñêàÿ ñîðòèðîâêà, è ïîýòîìó âñå ïîòåíöèàëüíûå
àâòîìîðôèçìû íàäî èñêàòü òîëüêî ñðåäè íèõ.
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Àöèêëè÷åñêèå ãðàôû

Äëÿ êàæäîãî íàòóðàëüíîãî n ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ.
Ïóñòü S � ÷èñëî âñåõ àöèêëè÷åñêèõ ãðàôîâ ñ çàäàííûì
÷èñëîì âåðøèí ñ ïîìå÷åííûìè âåðøèíàìè, N � ÷èñëî âñåõ
íåèçîìîðôíûõ àöèêëè÷åñêèõ ãðàôîâ, à A � ÷èñëî
òðèâèàëüíûõ íåèçîìîðôíûõ ãðàôîâ.

Òàáëèöà: Àöèêëè÷åñêèå ãðàôû

S N A S
n!N · S

n!A
A
N

3 25 6 3 0,9645 0,5
4 543 31 17 0,9713 0,5484
5 29281 302 201 0,9809 0,6656
6 3781503 5984 4657 0,9898 0,7782
7 1138779265 243668 210381 0,9959 0,8634
8 783702329343 20286025 18651181 0,9985 0,9194
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Ñòðîãèå ïîðÿäêè

S N A S
n!N · S

n!A
A
N

3 19 5 2 1,0028 0,4
4 219 16 5 1,0408 0,3125
5 4231 63 19 1,0386 0,3019
6 130023 318 102 1,0054 0,3208
7 6129859 2045 730 0,9909 0,357
8 431723379 16999 6857 0,9836 0,4033
9 44511042511 183231 83654 0,9816 0,4565
10 6611065248783 2567284 1315378 0,9829 0,5123
11 1396281677105899 46749427 26554439 0,9856 0,568
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Ïðîãðàììíîå îáåñïå÷åíèå íà ÿçûêå C++ äëÿ

ïåðå÷èñëåíèÿ íåèçîìîðôíûõ ñòðîãèõ ïîðÿäêîâ èëè

àöèêëè÷åñêèõ ãðàôîâ

▶ Íà êàæäîì øàãå äëÿ çàäàííîãî n ñîçäà¼òñÿ ôàéë ñî ñïèñêîì ìàêñèêîäîâ è
ðàçìåðîì ãðóïïû àâòîìîðôèçìîâ íà îñíîâå ôàéëà äëÿ n − 1.

▶ Âîçìîæíîñòü ðàñïàðàëëåëèâàíèÿ.

▶ Ïðè ïðîâåðêå êàíäèäàòà íà òî, ÷òî îí ÿâëÿåòñÿ ìàêñèêîäîì, íåîáõîäèìî
ïåðå÷èñëèòü âñå òîïîëîãè÷åñêèå ñîðòèðîâêè, ñîõðàíÿþùèå
ñîîòâåòñòâóþùèé ñòðîãèé ïîðÿäîê íèæíåãî óðîâíÿ, ïðè ýòîì ïðî ïîëîâèíó
êàíäèäàòîâ çàâåäîìî èçâåñòíî, ÷òî îíè íå ïîäõîäÿò.

▶ Åñëè íèæíèé ìàêñèêîä ñîîòâåòñòâîâàë îòíîøåíèþ ñ òðèâèàëüíîé ãðóïïîé
àâòîìîðôèçìîâ, òî äëÿ íåêîòîðûõ êàíäèäàòîâ ñðàçó î÷åâèäíî, ÷òî èì
ñîîòâåòñòâóåò ìàêñèêîä òàêæå ñ òðèâèàëüíîé ãðóïïîé àâòîìîðôèçìîâ.

▶ Êàæäîìó àâòîìîðôèçìó ñîîòâåòñòâóåò íåêîòîðàÿ òîïîëîãè÷åñêàÿ
ñîðòèðîâêà, è ïîýòîìó âñå ïîòåíöèàëüíûå àâòîìîðôèçìû íàäî èñêàòü
òîëüêî ñðåäè íèõ.

▶ Ïî êàæäîìó òàêîìó ôàéëó âû÷èñëÿåòñÿ íåêîòîðàÿ ñòàòèñòèêà.
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Ðåçóëüòàò ðàáîòû ïðîãðàììû ïåðå÷èñëåíèÿ íåèçîìîðôíûõ
ñòðîãèõ ïîðÿäêîâ äëÿ n = 11
total maxicodes: 46749427
trivial maxicodes: 26554439
connected maxicodes: 43944974
connected trivial maxicodes: 25229911
connected trivial maxicodes without non-trivial endomorphisms: 1
connected non-trivial maxicodes without non-trivial endomorphisms: 0
for height = 1 count of connected = 51196
for height = 2 count of connected = 6306559
for height = 3 count of connected = 21530890
for height = 4 count of connected = 12791620
for height = 5 count of connected = 2879831
for height = 6 count of connected = 355113
for height = 7 count of connected = 28187
for height = 8 count of connected = 1523
for height = 9 count of connected = 54

for height = 10 count of connected = 1
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Ðåçóëüòàò ðàáîòû ïðîãðàììû ïåðå÷èñëåíèÿ íåèçîìîðôíûõ
àöèêëè÷åñêèõ ãðàôîâ äëÿ n = 7
total maxicodes: 243668
connected maxicodes: 205696
connected trivial maxicodes without non-trivial endomorphisms: 0
connected non-trivial maxicodes without non-trivial endomorphisms: 77005
for height = 2 count of connected = 32
for height = 3 count of connected = 2608
for height = 4 count of connected = 24336
for height = 5 count of connected = 68128
for height = 6 count of connected = 77824

for height = 7 count of connected = 32768
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Äðóãîé ïîäõîä äëÿ ïåðå÷èñëåíèÿ íåèçîìîðôíûõ

àöèêëè÷åñêèõ ãðàôîâ

Êàæäîìó àöèêëè÷åñêîìó ãðàôó ñîïîñòàâèì åãî òðàíçèòèâíîå çàìûêàíèå, òî åñòü

åñëè èç îäíîé âåðøèíû ñóùåñòâóåò ïóòü â äðóãóþ, òî ñîåäèíèì ýòè âåðøèíû

íàïðÿìóþ îðèåíòèðîâàííûì ðåáðîì.

Â òàêîì ñëó÷àå âñå íåèçîìîðôíûå àöèêëè÷åñêèå ãðàôû ðàçáèâàþòñÿ íà êëàññû

òàêèì îáðàçîì, ÷òî âñå ãðàôû ïðèíàäëåæàò îäíîìó êëàññó òîãäà è òîëüêî òîãäà,

êîãäà îíè èìåþò îäèíàêîâîå òðàíçèòèâíîå çàìûêàíèå.

Èòàê, äëÿ íàõîæäåíèÿ ÷èñëà âñåõ íåèçîìîðôíûõ íåòðèâèàëüíûõ àöèêëè÷åñêèõ

ãðàôîâ äîñòàòî÷íî óìåòü ïåðåáèðàòü âñå íåèçîìîðôíûå àöèêëè÷åñêèå ãðàôû, ó

êîòîðûõ èõ òðàíçèòèâíîå çàìûêàíèå ñîâïàäàåò ñ çàäàííûì ñòðîãèì ïîðÿäêîì,

ïðè ýòîì, ñ÷èòàÿ, ÷òî çàäà÷à ïåðåáîðà âñåõ ñòðîãèõ ïîðÿäêîâ óæå ðåøåíà.
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Òåîðåìà

Ïóñòü Γ � àöèêëè÷åñêèé ãðàô, à Γ̂ � åãî òðàíçèòèâíîå
çàìûêàíèå. Òîãäà Ostov(Γ) = Ostov(Γ̂).

Ñëåäñòâèå

Âñå àöèêëè÷åñêèå ãðàôû, èìåþùèå çàäàííîå òðàíçèòèâíîå
çàìûêàíèå, ñîäåðæàò îñòîâ ýòîãî çàìûêàíèÿ.
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Òåîðåìà

Ïóñòü Γ � àöèêëè÷åñêèé ãðàô, à Γ̂ � åãî òðàíçèòèâíîå
çàìûêàíèå. Òîãäà Aut(Γ̂) = Aut(Ostov(Γ)) è Aut(Γ) ⊆ Aut(Γ̂).

Ñëåäñòâèå

Åñëè òðàíçèòèâíîå çàìûêàíèå àöèêëè÷åñêîãî ãðàôà
òðèâèàëüíî, òî è ñàì ãðàô òðèâèàëåí.

Òåîðåìà

Ïóñòü ãðóïïà G äåéñòâóåò íà ìíîæåñòâå âåðøèí ãðàôà Γ. Òîãäà
ãðàô Γ òðèâèàëåí òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî
ýëåìåíòà g ∈ G ïðîñòîãî ïîðÿäêà gΓ ̸= Γ.

Â.Â. Òåíçèíà
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Àëãîðèòì ïåðåáîðà âñåõ òðèâèàëüíûõ àöèêëè÷åñêèõ
ãðàôîâ ñ n âåðøèíàìè ïî óæå âû÷èñëåííûì
íåèçîìîðôíûì ïîðÿäêàì

1. Ïåðåáèðàåì äëÿ çàäàííîãî n âñå ìàêñèêîäû ñòðîãèõ ïîðÿäêîâ ñ n
âåðøèíàìè.

2. Äëÿ êàæäîãî ìàêñèêîäà Γ âû÷èñëÿåì Ostov(Γ).

3. Íàõîäèì ãðóïïó àâòîìîðôèçìîâ Aut(Γ) ïðè ïîìîùè ïåðå÷èñëåíèÿ âñåõ
òîïîëîãè÷åñêèõ ñîðòèðîâîê äëÿ ãðàôà Γ. Ïðè ýòîì ñîõðàíÿåì â ïàìÿòè
òîëüêî ýëåìåíòû ýòîé ãðóïïû (ïåðåñòàíîâêè) ïðîñòîãî ïîðÿäêà, ñêàæåì,
ïîäìíîæåñòâî F . Ïàðàëëåëüíî íàõîäèì ìíîæåñòâî Vr âñåõ âåðøèí ãðàôà
Ostov(Γ), êîòîðûå îñòàþòñÿ íà ìåñòå ïðè ëþáîì àâòîìîðôèçìå èç Aut(Γ).
Ïî Vr ñòðîèì ìíîæåñòâî ð¼áåð Er , êîòîðûå îñòàþòñÿ íà ìåñòå ïðè ëþáîì
àâòîìîðôèçìå èç Aut(Γ).

4. Ïåðåáèðàåì âñå âîçìîæíûå êîìáèíàöèè èç ð¼áåð E(Γ) \ Ostov(Γ) \ Er .
Êàæäàÿ òàêàÿ êîìáèíàöèÿ îáðàçóåò íåêèé ãðàô H. Îòáèðàåì òîëüêî òå,
äëÿ êîòîðûõ ∀f ∈ F íå ÿâëÿåòñÿ àâòîìîðôèçìîì. Ñ÷èòàåì êîëè÷åñòâî
ïîëó÷åííûõ H, ñêàæåì, S . Ïóñòü P � íåêîòîðûé íàáîð ð¼áåð èç Er \ Γ.
Êàæäûé òðèâèàëüíûé ãðàô, ÷ü¼ çàìûêàíèå ñîâïàäàåò ñ Γ, èìååò âèä
H ∪ Ostov(Γ) ∪ P. Ïîýòîìó ÷èñëî òðèâèàëüíûõ àöèêëè÷åñêèõ ãðàôîâ, ÷ü¼
òðàíçèòèâíîå çàìûêàíèå ñîâïàäàåò ñ Γ, ðàâíî 2|Er | · S .
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Ìîæíî âåñòè ïîäñ÷¼ò òîëüêî äëÿ ñâÿçíûõ ìàêñèêîäîâ
(òðàíçèòèâíûõ çàìûêàíèé), à ïîòîì ïî ïîëó÷åííûì äàííûì
âîññòàíîâèòü ÷èñëî âñåõ òðèâèàëüíûõ àöèêëè÷åñêèõ ãðàôîâ.
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